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Abstract 



We prove that the stability problem of a vertical uniform rotation of a heavy top is completely 
solved by using the linearization method and the conserved quantities of the differential system 
s ! \ which describe the rotation of the heavy top. 
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1 Introduction 



A classical problem in mechanics is the study of the rotation of a heavy rigid body with a fixed point. 
An important special case is the case of symmetric top or Lagrangian top, see pQ, for which the inertia 
ellipsoid at fixed point is an ellipsoid of revolution and whose center of gravity lies on the axis of 
symmetry. The rotation of the heavy top is governed by the differential system 

00, 

■ J M = M x f-'-M + mgj x r G - ^ 

; 1 i = 7 x i _i m, 

^— i ■ .... _ 

where m is the mass of the symmetric top, g is the gravitational acceleration, tq is the vector with the 
£NJ , initial point in the fixed point O and the terminal point in the center of gravity G, I is the moment of 

inertia tensor at the point O, M is the angular momentum vector and 7 is the unit vector of the direction 
of the gravitational field. Also, one can use the equivalent description with the state parameters Co and 7, 
where Co is the angular velocity vector and M — iCo. We denote by A = B and C the principal moments 
of inertia. For the following considerations we use a body frame for which the axes are principal axes 
of inertia and G has the components (0,0, z) with z > 0. The matrix of the moment of inertia tensor 
in this body frame has the form I = diag(A, A, C). In the above frame the angular momentum vector 
M has the components Mi, M2, M3 and the unit vector of the direction of the gravitational field 7 has 
the components 71,72,73- We have four conserved quantities: 

1 M 2 M 2 M 2 

H = -(-A + + + mgzj 3 , Ci = 7l 2 + 7 | + 7 |, C 2 = Mm + M 272 + M 373 , and F = M 3 . 

It is easy to see that a vertical uniform rotation (0, 0, OT3, 0, 0, 1) of the top is an equilibrium point for 
the system (|l.ip . 

It is well known, see [2], [5], [6] and [7], that the condition C 2 co 2 > AAmgz is a sufficient condition 
for stability of the equilibrium point (0,0, w, 0,0, 1) when we use the state parameters Co and 7. This 
condition implies the following sufficient condition for the stability of the vertical uniform rotation 
(0,0,97l 3 ,0,0,l), 

Ml > AAmgz. (1.2) 

The method used by N.G. Chetaev (see [2]) and presented in the paper [7] construct a Lyapunov function 
of the form \\H + A 2 Ci + A3C 2 + A4F + /j,F 2 . In the papers [5j and [6] is used the energy- Casimir 
method which also construct a Lyapunov function by using the conserved quantities H, C\, C 2 and F. 
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In this paper we study the possibility to construct a Lyapunov function using the conserved quantities 
H, Ci, C2 and F. We apply an algebraic method also used in the papers [3] and @]. We prove that it 
is possible to construct in a neighborhood of the vertical uniform rotation (0, 0, OT3, 0, 0, 1) a Lyapunov 
function using the conserved quantities H,C\,C-2,F if and only if we have SDT§ > AAmgz. We recover 
the sufficient condition (|1.2j) for the Lyapunov stability of the vertical uniform rotation. We prove that 
the condition 

9Jt 2 = ^Amgz (1.3) 

is also a sufficient condition for the Lyapunov stability. 

In the papers [5] and [6] is noted that the condition *XT§ < AAmgz implies the instability of the 
uniform rotation (0,0,9313,0,0,1); more precisely the uniform rotation is not spectrally stable (the 
linearization has an eigenvalue with strictly positive real part). 

The stability problem of a vertical uniform rotation of a heavy top is completely solved by using the 
conserved quantities H, C%, C2, F and the linearization method. 



2 Stability of the vertical uniform rotations 

The stability of an equilibrium point with respect to a set of conserved quantities is a sufficient condition 
for Lyapunov stability. If an equilibrium point is not stable with respect to a set of conserved quantities, 
then we cannot construct a Lyapunov function using this set of conserved quantities. We remind some 
theoretical considerations, from the paper [3]. We consider an open set D C W 1 and the locally Lipschitz 
function /:£)—> l n which generates the differential equation 

x = f(x) (2.1) 

Let x e be an equilibrium point. A continuous function V : D — > R which satisfies V(x e ) = and 
V(x) > for every 1 in a neighborhood of x e and x ^ x e is called a positive definite function at the 
equilibrium point x e . The equilibrium point x e of (|2.1I) is stable with respect to the set of conserved 
quantities {F\, ...,Ff~} if there exists a continuous function $ : R fc — > M. such that x — > <$>(Fi, Fk)(x) — 
&{Fi, Fk)(x e ) is a positive definite function at x e . In the conditions of the above definition the 
function x — > $(^1, Fk)(x) — 3>(i*i, Fk)(x e ) is a Lyapunov function at the equilibrium point x e 
and we have the following results. 

Theorem 2.1. If the equilibrium point x e of (12. ip is stable with respect to the set of conserved quantities 
{Fx, ...,Fk} then it is stable in the sense of Lyapunov. 

Theorem 2.2. Let x e be an equilibrium point of (|2.1j) and {-Fx, Fk} a set of conserved quantities. 
The following statements are equivalent: 

(i) x e is stable with respect to the set of conserved quantities {F±, Fk}; 
(ii) x — > ||(-Fi, ...,Fk)(x) — (i*i, Fk)(x e )\ \ is a positive definite function at x e ; 

(Hi) the system of equations Fi(x) — Fi(x e ), ...,Fk(x) = Fk(x e ) has no root besides x e in some neigh- 
borhood of x e . 

Theorem l2.2l (Hi) offer an algebraic method to prove the Lyapunov stability of an equilibrium point. 
This method have been used in [3] and [4] for studying the stability problem of the uniform rotations of 
a torque-free gyrostat and also for studying the stability problem of the equilibrium states of a heavy 
gyrostat (Zhukovskii case). 

In our case the algebraic system at the equilibrium point (0, 0, SCI3, 0, 0, 1) is 

1 M 2 M 2 M 2 VJl 2 

2 (^f + -J- + 77-) + m 5^73 = + m 9^ 7i + it + ll = 1, Afm + M 2l2 + M373 = SUI3, M 3 = M 3 . 

(2-2) 

This system is equivalent with the following system 

AI 2 + Ml - 2Amgz{\ - 73) = 0, 7l 2 + 72 2 + 7 f = 1, M l7l + M 272 - £Wa(l - 7s) - 0. (2.3) 

We introduce u,(p,v,9 which satisfies Mi = ucosip, M 2 = ushi(p, 7 i = vcosO, 7 2 = vsin6. The 
algebraic system for u, <p, v, 9 and 7 3 is 

u 2 = 2Amgz(l - 73 ), v 2 = 1 - 7 2 , uv cos(9 - <p) = 9H 3 (1 - 73 ). (2.4) 
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Lemma 2.3. The solution (0, 0, 9Jt3, 0, 0, 1) of the system (12.21) is isolated in the set of the solutions if 
and only if 9J1 2 > 4Amgz . 

Proof. Let (Ml, M 2 , ffl 3 , 71, 72, 73) be a solution of flOJ) in a ball with the center in (0, 0,2Jt 3 , 0, 0, 1) 
and a radius R < 1, then < 73 < 1 (see (j2.4[> ). If 73 = 1 then we have that u — v = and consequently 
the solution is (0, 0, 9Jt 3 , 0, 0, 1). If < 73 < 1 then, by using (|2.4p . we have 

■ JM = A /T+^ 3 "-|cos(^-0)|<V2. 



We deduce that a necessary condition for a solution of (|2.2|) . except (0, 0, £9t 3 , 0, 0, 1), to be situated 
in the ball with the center in (0, 0, 9K3, 0, 0, 1) and a radius R < 1 is 9JT§ < AAmgz. Consequently, if 
Oft! > AAmgz, then (0, 0, 9Jl 3 , 0, 0, 1) is isolated in the set of the solutions of (|2~21) . 

We suppose that 9Jt§ < AAmgz and consider a sequence (73)™ which satisfy the conditions: < 
(73)™ < 1 and (73)™ — 7i^oo L There exists the sequences (<f n ) and (9 n ) such that yl + (73)^ cos(ip n — 
n ) = v / 2 ^ lg2 ■ We obtain a sequence (u n ,(f n ,v n ,6 n , (j 3 )n) of solutions of ([2^4]) with < u„ ->-n->ao 
and < u„ ->- n ->-oo 0. 

Consequently, we obtain a nonconstant sequence ((Mi)„, (M2) n ,9Jt 3 , (7i) n , (72)^, il3)n) of solutions 
of (12. 2|) which converge to (0, 0, 9Jt 3 , 0, 0, 1). We deduce that the solution (0, 0, SDX 3 , 0, 0, 1) is not isolated 
in the set of the solutions of (12.21) . □ 



Using Lemma T2.31 and Theorem 12.11 and Theorem 12.21 and linearization method (see [S] and [B]) we 
obtain the following results. 

Theorem 2.4. Let (0, 0, SJta, 0, 0, 1) be a vertical uniform rotation of the system (jl.ll) . 

(i) The vertical uniform rotation is stable with respect to the set of conserved quantities {H, C\, C 2 , F} 
if and only j/9Tl| > AAmgz. 

(ii) The inequality 97l§ > AAmgz is a necessary and sufficient condition for the Lyapunov stability of 
the vertical uniform rotation. 

Remark 2.1. If we use the angular velocity vector uj and the unit vector of the direction of the 
gravitational field 7 to describe the rotation of the top, then the necessary and sufficient condition for 
the Lyapunov stability of the vertical uniform rotation (0,0, w, 0,0, 1) is C 2 uj 2 > AAmgz. 
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